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ABSTRACT 

Weak coupling expansion of a chiral gauge theory on a lattice is discussed in the 
overlap formulation. We analyze the fermion propagator and the fermion-fermion-gauge 
boson vertex in the one loop level. The chiral properties of the propagator and vertex 
are correctly preserved without tuning the parameters involved even after the one-loop 
renormalization, and the ultraviolet divergent parts agree with the continuum theory. 
Our analysis, together with the existing studies on the vacuum polarization and the gauge 
boson n-point functions, completes the proof of the renormalizability of this formulation 
to the one loop level. 



^On leave of absence from: Department of Physics, University of Tokyo, Tokyo, 113 Japan. 



1 Introduction. 



The idea of the domain wall fermion |l|] may provide a new possibility of regularizing 
a chiral fermion on a lattice 0, In this approach, a Weyl fermion is simulated 

by a Dirac fermion in four plus one dimensions. Gauge fields interacting with 

the Weyl fermion in four dimensions are extended to four plus one dimensions to be 
independent of the time coordinate, A^{t,x) = v4^(x) for all t. The Dirac fermion in 
four plus one dimensions is described by two different Hamiltonians T-C+{A) for t < and 
7i^{A) for t > where Hamiltonians 'H±{A) differ from each other only in the sign of 
the Dirac mass term. (The subscript '±' indicates the sign of the mass term.) Because 
of this step function behavior of the mass term, there arises one zero mode bound to 
the domain wall (at t=0), which behaves like a chiral fermion in four dimensions. This 
domain wall fermion inspired the overlap formulation . To move from the domain wall 
fermion to the overlap formulation, assume that the four plus one dimensional space is of 
Minkowskian signature, and consider the path integral representation of the propagator 
of the domain wall fermion in the presence of the gauge fields, 

where C±{A) are the Lagrangians corresponding to 'H±{A) and L is the size of the fifth 
dimension (which is the time coordinate). The Dirac fermion tp{t,x) at t = simulates 
the Weyl fermion and thus eq. (|I]) simulates the propagator for the Weyl fermion. Taking 
the limit L — * oo, eq. (|I|) will be reduced to, 

{A+\T{^{t,xW,x')}l^^,JA-), (2) 

where |^±) are the Dirac vacua of the Hamiltonians T-C±{A). The overlap formulation 
directly treats \A±) and the form of the propagator (0) without invoking the four plus 
one dimensional theory. The effective action of a chiral fermion in the presence of the 
gauge fields (the determinant of the chiral Dirac operator) is expressed by the overlap of 
the two vacua, 

det{^(l ± 75)^ + W4)}y = e-^(^) ^{A+ \A-). (3) 
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The advantage of directly treating the vacuum overlap (Q) is that, when the gauge fields 
exhibit topologically non-trivial configurations, the overlap vanishes |^ (as the chiral 
determinant should), while if the vacuum overlap is expressed in a similar way to (|1|) as 
a limit L oo, it might not vanish due to possible contributions of the excited states 
of n±{A). 

Based on eq. (H), treating the gauge fields A^{x) as slowly varying external fields, 
it has been in fact confirmed that the vacuum overlap {A + \A—) correctly reproduces 
the chiral anomaly 0, the vacuum polarization |^, and gauge boson n-point functions 
H, H. The validity of this formulation has been further examined recently including the 



dynamics of the gauge fields |]10|, |rT|. The fermion propagator is computed including 
the self-energy corrections due to the gauge interactions at one-loop level, and has been 



shown to remain chiral at one loop level without tuning the parameters involved [11 



This analysis suggests the renormalizability of this formulation in the presence of the 
dynamical fermions and gauge bosons. In this paper, we discuss the weak coupling ex- 
pansion in the overlap formulation and present the analysis of the propagator and the 
fermion-fermion-gauge boson vertex at one loop level. The chiral properties of the vertex 
are correctly preserved as well as those of the propagator, and the ultraviolet divergent 
parts agree with the continuum theory. Our analysis, together with the studies ||7|, plj] , 
completes the proof of the renormalizability of this formulation at one loop level. The 
rest of the paper is organized as follows. In Sec. 2, we briefiy review the overlap formula- 
tion. After we derive the Hamiltonians 'H±{A) and their Dirac vacua |A±), we compute 
the propagator (|^) for A^{x) = and analyze its pole. We show that the propagator 
describes a chiral fermion. In Sec. 3, we first compute the fermion propagator including 
the one-loop self-energy corrections due to the gauge interactions, and renormalize the 
propagator. We confirm that the fermion is renormalized preserving the desired chiral 
structure without tuning the parameters involved. Next, we compute the vertex correc- 
tions at one-loop level, and show that the chiral structure and ultraviolet divergences are 
correctly reproduced. We will give some discussions in Sec. 4. For numerical simulations 



in the overlap formulation and further applications of this formulation, see Refs. |]T2 
and Refs. [0, respectively. 
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2 Formalism. 



As is discussed in the introduction, the Hamiltonians 7i±(A) and their Dirac vacua 
\A±) are the principal quantities in the overlap formulation. First we derive the Hamil- 
tonian Ti.±{A) from the four plus one dimensional Dirac Lagrangian. Then we express 
\A±) as a perturbation series in the weak coupling expansion. 

The overlap Hamiltonians 7i±{A) and their Dirac vacua 

The Lagrangians of free Dirac fermions in four plus one dimensions are, 

5 

£± = ^(t, x){z ^ T^dA ± T,A)^(t, x), (4) 

A=0 

where the mass A corresponds to the height of the domain wall in the original domain 
wall fermion in Ref. [|I| and Tc determines the fermion chirality, as will be seen later. The 
gamma matrices in four plus one dimensional Minkowskian space satisfy the relations, 

{r^,r^} = 27^AB, rot = r°, r^^t^.r^^ (/i = i,---,4), (5) 

with TjAB = 1,— 1)— 1), and they are related to the four dimensional Euclidean 



gamma matrices IjT^ as. 



r° = 75^ r'^ = ^7j, {7j,7f} = 2V, 7j^ = 7f. (6) 

(Hereafter we omit the superscript 'E' of the Euclidean gamma matrices.) The La- 
grangians (0) lead to the Hamiltonians, 

n± = J d^xij^j5 [E ± ^cA] V. (7) 
fi=i 

These Hamiltonians are discretized as, 

'H± = -Tc(±A + 4r) EV^nV^n - :T-E[^«(^c^ ~ 7m)^"+A + V^n+A(^cr + 7M)V'n], (8) 

by the replacements, 

Xf, an^, ij{x) ipn, J d^x ^ = E' ^mV"™ ^ ~ '^n-fi], (9) 



where a is the lattice spacing and we added the Wilson term (multiplied by Tc), 

QjT — X r 1 

-a^T,J2—ijnOiJn, nV^n = — E[V^n+A + V^n-A-2V^nJ, (10) 

with A = A/a. Here ip = ip^j^ because of the relation r° = 75. The gauge interactions 
are implemented into the Hamiltonians (||), using the link variables Un,n+fi, as, 

where, in the weak coupling expansion, the link valuables are expanded in terms of the 
gauge coupling g with the identifications, 

C^n,n+A = e'""^'^^"^ = 1 + igaA,{n) + ^^{igaA^{n)Y + ■■■■ (12) 

Here we should note that the gauge fields Afj_{n) describe the gauge interactions in four 
dimensional Euclidean space and they are completely independent of the time t in the 
four plus one dimensional sense. (For simplicity, we will consider the Abelian gauge 
theory.) The Hamiltonians 'H±{A) are obtained by inserting eqs. (0) and ([T2|) into eq. 
(§). For the weak coupling expansion, it is convenient to use momentum representations. 
Performing the following Fourier transformations, 

V^n = / V^(p)e^^"", = /^(g)e-^'"^", A^{n) = j A^{p)eP<^^'^'''\ (13) 



Ip Jq Jp 

the Hamiltonians (§) with eqs. (|ll|) and (|l2|) are 



n±{A) = I i,^{p)H^{p)i,{p) + V{A), (14) 
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fi=i ^ 
where = (1/a) sin(p^a), = (2/a) sin(p^a/2) and the momentum integral is over 
the Brillouin zone [—it /a, it /a]. In eq. (p!^, the first terms are the free Hamiltonians 
'H±{A = 0). The interaction term V is treated as perturbations and it is expanded in 
terms of the gauge coupling g as, V = Vi + V2 + V3 + ■ ■ ■, with 

yi = W ^(p) E + Q)A^,ip - q)i^{q), 

V2 = ^ag^ I ^{p) E ^2m(p + q)S^uAf,{s)A,{p - s - q)^{q), 

^ JP^^S p.,u 

V3 = -ha'^g^ I ij{p) E Sf.uS^rVs,,{p + q)A,,{s)A,it)Arip -s-t- q)^P{qU6) 



where Vi^{p) = 7^ cos(p^a/2) -irTcSin(p^a/2), V2^,{p) = Tcr cos(p^a/2) -^7^ sin (p^a/2), 
and Vi^{p) = Vs^ip). 

To quantize the system, we set the commutation relations, 

CI 

which are the equal time commutation relations for a four plus one dimensional Dirac 
fermion. The operator ijj{p) is expanded in terms of the creation and annihilation oper- 
ators as, 

where u± and v± are the eigenspinors of the one-particle free Hamiltonians H±{p) (cr is 
the spin index), 

H±(p)u±(p, a) = u;±(p)u±(p, a), H±{p)v±(p, a) = -u;±(p)v±(p, a), 



u;±{p) = ^p' + XUp), (19) 
which satisfy the orthonormality conditions, 

u±{p, a)'<u±{p, t) = v±{p, a^v^ (p, r) = 6^r, u±{p, a^v^ip, r) = 0. (20) 
Their explicit expressions are, 

^2u;±(a;± + X±) 

v±[P, (^) = y , = X{(^), (21) 

where the spinor x((t) satisfies ^y^Tcxic) — x(cr). The creation annihilation operators 
(6+,(i+) satisfy the commutation relations, 

{b+{p,a),bl{q,r)} = K(p, a), 4(g, r)} = {2n)%JUp-q), 

{b+ip, a), dliq, r)} = {6+(p, a), d+(?, r)} = 0, (22) 

where 5p(p — q) is the periodic 5-function on the lattice. (The same relations hold also 
for (6_, d-)). The two spinor basis are related by, 

u-(p, a) = cos(3(p)u+(p, a) - sin (3{p)v+(p, a), 

v-{p, (t) = sin (3{p)u+{p, a) + cos (3{p)v+{p, a), (23) 



where cos (3{p) = u^+{p, a)u-{p, a) is 

1 



cos f3{p) 



(24) 



Eqs. (P^l ) lead to the Bogoluibov transformation between the two basis and 



(25) 



b^{p,a) = cos (3 {p)b+{p, a) - sin f3{p)dl{p, a), 
d^-{p, cr) = sin/3(p)6+(p, a) + cos/5(p)(i+(p, a). 



The commutation relations between (6+,(i+) and (6_,(i„) are obtained from eqs. (|25|). 
For example, 

{b+ip,a),bliq,T)} = {d+{p,cr),dUq,T)} = (27^)' cos P{p) 6, JUp ' l)- (26) 

The Dirac vacua |±) for the free Hamiltonians Ti.±{A = 0) are defined as, 6+, = 

and b-,d^\—) = and their energy eigenvalues are denoted as -£^±(0), 'H±{A = 0)|±) = 
E±{0)\±). Then for the Dirac vacua \A±), the eigenvalue equations. 



n±{A)\A±) = E±{A)\A±), 



(27) 



are solved in the form of the integral equation using the Dirac vacua |±) following the 
standard time independent perturbation theory, and the results are. 



\A±) = a±(A)[l-G±(V-Ai5;±)]" |±), 

where, AE± = E±{A) - E±{0) = {±\V\A±)/{±\\A±), 

1 . . . 1-I±)(±l 



(28) 



G 



± 



■{n ± 



(29) 



E±iO)-E±{n)' ' E±(0)-/7±(0)' 

and the sum is over all the excited states |^±) of 7i±(0) and E±{n) are their energy 
eigenvalues. The normalization factors a±{A) are determined, up to phases by the 
normalization conditions of |A±) as. 



a±(/l)|2 = 1 - (A ± I V - AE± GlV- AE± \A±). 



(30) 
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Fermion propagator at tree level 



Having presented 7i±(A) and |A±), we now discuss the fermion propagator. In four 
plus one dimensions, the propagator is defined by the vacuum expectation value of the 
T-product, 



T{^Pit,p)^^J{t', q)} = e{t - t')^(t,p)^(t', q) - e{t' - t)^lj{t, q)i>it,p). 



(31) 



Since ip(t,p) at t = simulates the Weyl fermion, setting t,t' = and using 9{0) = 1/2, 



T{i;it,p)ijit',q)} 



t,t'=0 



mpmq)-^Piqmp)}/2, 



(32) 



which we denote as Q{p,q): Q{p,q) = {4'{p)4'{q) — ip{q)ip{p)}/2. Then, the fermion 
propagator is defined by the path integral, 

JVA{A+\n{p,q)\A-)e-'^^^ 

JVA{A+\A-)e-^(^^ ' ^ ' 

where S{A) is the action of the gauge field. We find it convenient for later calcula- 
tions to decompose fi(p, q) in the following 'normal ordered' form (using the Bogoluibov 
transformation (P5|)), Q{p,q) = {+\Q{p,q)\—) + ■.Q{p,q):, 

(34) 



[+\^{p,q)\-) = {2n)%{p-q)l[S4p)-S4p) 



■.Q{p,q): 



J2 ^)u~{q, T)bl{q, T)b^{p, a) 



cos(3{p)cos(3{q) % 
+M+(p, cr)i;+(g, r)6_(p, o)d_{q, r) + v_{p, a)u^{q, T)d\{p, a)h\{q, r) 



+v_{p, a)v+{q, T)dl{p, a)d_{q, r) 



(35) 



Eq. (^) is the propagator for A = and the normal ordered product ( pSf ) satisfies the 
relation ) = 0. 

Now we discuss the pole structure of the propagator ( ^4|) for the free fermions. 



1 



S+{p)-S.{p) 



^[M+(p,(T)n_(p,a) - v_{p,a)v+{p,a) 



(36) 



2 cos f3{p) V 

The spinors u±,v± are properly normalized vectors and can not yield divergences in eq. 
for any value of the momentum p. Therefore, the pole of the propagator is given 
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by the zero of cos(3{p), which occurs only for uj+ = X4. and = — X_. (The other 
case, = — X+ and uj_ = X_, is excluded by the facts uj+ > > and X+ > 
The necessary and sufficient condition for the pole of the propagator is = and 
X_ < 0. At the origin of the Brillouin zone p ~ 0, = and X_ = —A/a, which is 
the pole of the propagator. At each corner of the Brillouin zone = ±7r/a + g^, Pfj, = 
and X_ = (—A + 2rn)/a, where n = 1, ■ ■ ■ ,4 is the number of momentum components 
which lie near the corner of the Brillouin zone. Thus, for the range of the parameters 
A < 2r, each corner does not leads to the pole of the propagator. In fact, for p ^ 0, 
uj±{p) = X/a + 0{a), cos(3{p) = a^/X + 0{a^), 



u+{p, cr) = [1- i^iTc + 0(a^)]x((T), a) 



2A 



v_{p,a)) = [1 
which lead to, 



2A 



2^T, + 0(a2)]x(a), v+{p,a) 



2A 



/ + 0(a2)]x(a),(37) 



a p^ '-2 2A 



(38) 



and thus the propagator ( p6D describes a chiral fermion in this region. At each corner of 
the Brillouin zone, ~ ±7r/a + q^, 

1 



cos P{p) = 1 + 



y^(4n2r2 - A2) 
and the propagator takes the following form. 



0(aV), 



(39) 



1 r 



S+{p) - S-{p) 



-(ci + C275), 



(40) 



where ci,2 are constants. Thus, the chiral non-invariant contributions coming from each 



corner are suppressed due to the J {An^r"^ — A^) mass. 



3 The weak coupling expansion. 



Next consider the effects of the gauge interactions at one loop level in the weak 
coupling expansion. 
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Fermion propagator 



First consider the fermion propagator. To obtain fermion propagator at one loop level, 
the expression (^) should be expanded up to the order g"^. Inserting the decomposition 
of q) into eq. (|33D , eq. (plD yields the propagator at tree level and all the quantum 
corrections arise from {A + \:VL:\A—). Expanding |A±) in the perturbation series, 

|A±) = «±(A)[|±) + G±V|±) + G±{V-AE±}g±V|±) + ■■■], (41) 

the quantum correction {A + |:r2:|y4— ), up to the order g"^, is, 

{A+[n:\A-) = (+|:^]:G_V2|-) + {+\V2G+:Q:\-) + {+\ViG+ViG+:Q:\-) 

+ {+\ViG+:Q:G-Vi\-) + {+\:n:G-ViG-Vi\-). (42) 

(The terms containing AE± are neglected since they are of order 0{g'^).) These terms 
are evaluated by rewriting the fermion operators in Vi and V2 in terms of the creation 
and annihilation operators defined in eq. (|l^) and using the commutation relations. As 
an example, we evaluate the third term in eq (|42|) . Using eq. (|29|) , 



(+|ViG'+ViG+:f^:|-) = E '{+\Vi\nA+) ^ ... \ . . (n^ + | Vi 1^^+) 

nA,nB E+[^) - -l^+[nA) 

Here, 1^^+) should be two particle states, 

\nA+) = \IaIa+) = 6U1a)4(1a)|+), (44) 

where we use the abbreviation &+(1a) = &+(pia)'^ia) e.t.c. For \nB+), both two and 
four particle states contribute. We only consider four particle states in our example, 

\nB+) = |1b1b2b2b+) = bii2B)dl{2B)bi{lB)di{lB)\+). (45) 
The matrix elements of Vi between relevant states are given by, 

(+IV1IUU + ) = V+{lA)TiilA,lA)u+{U), 

{IaIa + |Vi \1bIb2b2b+) = {+\Wb2b+){1a1a + 11^15+) - (1b ^ 2^) - (1b ^ 2b) 

+ {1bIb ^ 2b2b), (46) 



where, 



ri(p, q) = ^9Yl V^i^iP + (1)Mp ' (^aU + \IbIb+) = S{1a, 1b), 
6{1a, Ib) = (27r)X,,.,,4(Pu -Pis)- (47) 
Inserting eqs. ( ^Bj ) into eq. (|I3|), 

= ^ / _ _ [{ }(+|Vi|lBli. + ) 

^ ' ' -|Vi|2b2b+) 



^uj+{Ib) + cj+(1b) + c^+(2ij) + uj+{2b) 
-{Ib ^ 2b) - (1b ^ 2b) + (IbIb ^ 2b2b) 

■(1b1b2b2b + |. (48) 
The normal ordered part is evaluated using eq. (^) as, 

(lBiB2B2B + |:^^:|-) = "E il , , a)n_(g, r)^(2B, gr),5(2B,pa)(lBlB + h) 

+ (1b ^ 2b) + (Ib ^ 2b) - (IbIb ^ 2b2b), (49) 
(lBiB + |-) = 4T4'^(l^'^^)- 

Combining eqs. (^) and 

2'2' r r 1 ^ 

(+|ViG+ViG+:fi:|-) = ^ / _ _ { , J (+|Vi|1b2b+) 

■{ — FTT^ 7^}(+|Vi|2b1b+) , ] , . v.{p, a)u_(g, r) 

'-a;+(lB) + cu+(2b) + uj+{2b) + t^+(lB) Cp{p}Cfs{q) 

■(5(2b, gr)5(2B,po-)(lBlB + |-) + (1 more term), 
f 1 1 

■T+(lB)ri(lB,g)5'+(g) + (1 more term), (50) 
where, 

T+(p) = y: ^«+(p, ^)^+(p, (51) 

and we only considered the one-particle irreducible contributions. (The one-particle re- 
ducible contributions vanish because there is no tadpole contribution for the gauge fields. 
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Namely, the terms containing the combination, for example, (+|Vi|1b1_b+)(1_b1b + |— ), 
vanish after the momentum integration because of the discrete lattice symmetry.) 

Now, Ti{p,q) is rewritten in terms of the gauge fields by eq. (^7|), and the path 
integral over the gauge fields at the stage of eq. (|33D leads to the following propagator, 

{A,{p)A^iq)) = (27r)^4(p + g)e-^(^+'')-/2D,.(p), = ^{6,^ - (1 -0^),(52) 

for the bilinear of the gauge fields ^^(p)y4j,(g). Summing up all the eight terms, the con- 
tributions of the fourth term in eq. ( ^21) are expressed as — (27r)^5(p— g)S'_ (p)aS(p)S'+(p), 
where 

= Ve/[^TT 7TT]\,iP + k)T+ik)V^,ip + k)D,,{p-k). (53) 



Here we explicitly factor out the lattice spacing a so that S(p) has the correct dimension 
(one) of the self-energy for fermions. As is seen from above, this term is described by 
the Feynman diagram Fig. 1. (a). 

Next we compute eq. (|53D in the limit a —>■ 0. We will follow the strategy developed 
in Ref. [0, |1^ |18[. First to see the divergences associated with the limits a — > 0, 
we factor out the a dependence from the loop momentum integration by a rescaling 
of the loop momentum k ^ k = ka. Then the limit a —>■ produces the linear and 
logarithmic divergences. Here, the logarithmic divergence is associated with the infrared 
divergence of the k integration in the limit ap 0. Such an infrared divergence takes 
place only in the region ~ because of the pole structure of the propagators (^) 
and (^2]). To evaluate these divergent terms, we expand the integrand with respect to 
the external momentum p around p ~ 0. Then, the zero and first terms of the Taylor 
expansion contain linear and logarithmic divergences, respectively. As a consequence 
of the expansion around p ~ 0, the k integration also develops infrared divergences 
associated with p ^ (not a — 0), so we regularize infrared divergences by dimensional 
regularization from the beginning. (Another way of evaluating eq. ( ^3l) in the limit 
a — is to divide the integration region into two pieces, which is described in Ref. ||18|| .) 

Starting from the expression (|53|) , first we analytically continue the space-time di- 
mension D larger than 4 to regularize infrared divergences and introduce an arbitrary 
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parameter k of mass dimension one to keep the dimensions of the vertices unchanged 
0, 



r'^/"- /dk\4: 2e /dk\D 

Then rescahng the loop momentum k ^ k = ka, 

/dk\Dr 1 



(54) 



■Vi^{k + ap)D^^{ap - k), 
where the rescahng of each quantity is, 



^Vi^{ap+k)f+{k) 



(55) 



u;+{k) = -u+{k), Vi^{k) = Vi^{k), T+{k)=f+{k), D^,{k) = a'b^,{k). (56) 

Qj 

Next, expanding eq. (^) with respect to the external momentum p, the momentum 
integral is finite for the zero term, and gives rise to. 



S(0) = - ai(A,r,0 + t^2(A,r,075 
a L 

where (Ti^2(A,r, ^) are the constants. For the first term, 

9S(p) 



dpn 



p=0 



(57) 



(58) 



only the derivative of D^j,{ap — k) leads to the integral which gives rise to the logarithmic 
(infrared) divergence, and the derivative of the other terms yields, after the integration, 
finite terms in the limit e, a ^ 0. Computing the integral, we obtain, 

9E(p) 



■-(1 — 75Tc)i^ + finite term. 



The remaining part. 



S(p)-S(0)-Ej'm 



aE(p) 



dp. 



p=0 



(59) 



(60) 



is ultraviolet finite for a 0, but is infrared divergent for e 0. In fact, because of the 
subtraction of the first two terms of the Taylor expansion, eq. (^O]) would have been of 
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order a if there were no infrared divergences at ap 0. Dividing the integration region 
into parts where the integral is regular in the limit ap ^ and parts where the integral 
exhibits an infrared divergence, the contribution of the former is irrelevant, while that 
of the latter is finite for a — 0. Because of the structure of the poles of the propagators 
(^) and (^) such an infrared divergence can occur only at A; ~ in the limit ap 0, 
and the contribution of this region is evaluated by expanding the integrand around A; ~ 
(and ap ~ 0). The result of the calculation is. 



dpf, 



p=0 
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1 



(61) 



Summing up eqs. (|57D, ( p9D and (|6l|), we obtain 
1 r 



E(p) 



a 



o-i(A,r,0 + o-2(A,r,075 



A 4 167r2 
'y^Tc)i;^ + {finite terms). 



+ ^TTl^{l-(l-0}log(pV) 



The infrared divergences at £ ^ are cancelled in eq. 
tree level propagator is given by. 



(62) 

The contribution to the 



-S_{p)aJ:{p)S+{p) 



a p^ 
.2 



1 



1 +757'c)(+^J 



•f-jcTi + 0-275} + W-^^{^ - (1 -0}log(P^a^)i(l -75^c)«^+ {finite terms) 
La J A 4 lovr^ ^ 

A 1 r 1 / ^ N / A 0, 



2A 
1 
2 



P 75 



P^75 



a p^ '-2 

1 1 

(TiTc + TTT^{1 - (1 - 0} log(p^a^) + /mite terms + 0{a) 



Al 



A4167r2 

1 + 75Te ~ 



(63) 



a 2 p^ 

From this expression, we can see that only an ultraviolet divergence of S(p) more se- 
vere than quadratic can invalidate the chiral property of the regularized fermion, and 
the logarithmically divergent term in eq. (|62D directly appears in the wave function 
renormalization factor as a logarithmic divergence. 
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If we take two particle contributions for 1^^+) in eq. (^S]), we obtain, instead of eq. 



a 2a;+ (p) ^ Jk UJ+ [p) +uj+{k) 
■J2[u+{k,s)u+{k,s) -v+{k,s)v+{k,s) Vi^{p + k)D^^{p - k). (64) 

s 

This term does not contain logarithmic divergences since there appears no infrared di- 
vergence for the first term of the Taylor expansion after the rescaling and expansion. 

The other terms in eq. (^2|) are evaluated in the same way. (The results are given in 
Ref. |TT|). The first two terms are expressed by the Feynman diagram Fig. 1. (b), and 



do not lead to the logarithmic divergence at the level of eq. (|63|) , while the fourth and 
fifth terms correspond to the Feynman diagram Fig. 1. (a), and yield the logarithmic 
divergences. Summing up all the contributions as well as the propagator at tree level, 
the propagator at one loop level is. 



-i(l + 75r,)^[l + -|^{l-(l-0}(^ + ^ + ^)(logaV + /zmte terms)\, (65) 



where the contributions of the third and fourth and fifth terms to the logarithmically 
divergent term are 1/4, 1/2 and 1/4, respectively. From this expression, we see that 
the chirality of the regularized fermion is properly preserved and the wave function 
renormalization factor is, 



1+ ' 



2 



167r2 



1 - (1 - (logaV + const), (66) 



where fi is the renormalization scale. The divergent part of the wave function renormal- 
ization factor agrees with that of the continuum theory. 

Vertex correction 

Next we consider fermion-fermion-gauge boson vertex. The three point function is 
given by, 

JVA{A+\n{p,q)\A~)A^{t)e-''(^) 



(67) 
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To obtain the vertex up to the one loop level, eq. (0) should be expanded up to the order 
. The procedure of the calculation is same to the case of the propagator. Inserting 
the decomposition of Vt{p, q) into eq. (|67D, the first part q)\—) vanishes after the 

path integration over the gauge fields. The normal ordered part {A + \:VL{p^q):\A—) is 
evaluated up to the order by expanding |v4±) with respect to the gauge coupling g in 
eq. (|28|) . Up to this order, 

{A + \:n:\A-) = al{A)a_{A){{+\VG+:n:\-) + {+\:n:G_V\-) + {+\VG+VG+:Q:\-) 
+ {+\VG+:Q:G^V\-) + {+\:Q:G^VG^V\-) + {+\VG+VG+VG+:Q:\-) 
+ {+\VG+VG+:Q:G^V\-) + (+|VG+:^]:G_VG_V|-) + (+|:fi:G'_VG'_VG_V|-) 
-AE^{+\VGl:Q:\-) - AE_{+\:Q:GlV\-)}. (68) 

The first two terms (+|VG'+:^7:|— ) and {+\:Q:G-V\—) with V = Vi lead to the vertex at 
tree level after the path integration over A^, 

(27r)%(p + t - g) E /^Mp(t)e-^(^+*-'')''"{5_(p)^r,(p, q)S4q) + S^ip)jT,{p, q)S4q)}, 

Tp{p,q)^^tg^{l-^5Tch,, (a ^ 0). (69) 

For the radiative corrections we only need to evaluate one-particle irreducible contri- 
butions. The vertex corrections exhibit logarithmic divergences, which associate with 
infrared divergences of the integral after the rescaling of the loop momentum in our 
strategy. Therefore, in this case, we essentially look for terms which have enough poles, 
or equivalently cosf3{p)~^ factors, to exhibit infrared divergences. Such terms are ob- 
tained only from the interaction Vi, and the contributions of V2 and V3 yield only finite 
contributions. 

For example, we evaluate a term containing V2, (+|G+ViG+V2:f2:| — ). This term 
leads to the expression, 

2!2! f 1 1 

■S4p)T2ip, 2b)T+{2b)Ti{2b, g)5+(g) + (1 more term), (70) 

where, 

ri(p, q) = ^9Yl + <i)Mp ' (71) 
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r2(p, q) = \ag^ I E ^2^^ + q)6^,A^{s)A,{p -s-q), (72) 

and we have considered only the four particle contributions for the evaluation of the 
second between Vi and V2- (The two particle contributions for second (7+ do not give 
rise to enough pole factors to exhibit infrared divergences.) After the path integration 
over the gauge fields, the first term in eq. (|70D yields the following one-particle irreducible 
contribution, 

{2ny5p{p + t-q)Y: Z^,p(t)e-^(^+*-^)'"^{54p)|r,(p, g)5+(g)}, 
p 

rp(p,g) = -^^?2''^VfcL+(p) +a7+(A;)}L+(p) +o;+(g) + 2a;+(fc)} 

• J2 VUp + k)T+{k)V2p{k + q)D,^{p - k). (73) 

V 

This contribution is described by the Feynman diagram in Figs. 2. (a). Rescaling the 
momentum variable k —>■ k = ak, we only need to evaluate the zero term of the Taylor 
expansion with respect to the external momenta p and q to compute possible divergent 
terms in the limit a — > 0, which is, 

r,(p = 0,g = 0) = -tg\ag' [_{ ] }' ^ VU^fMV2pCk)D.pi-k). (74) 

The integral over k is (infrared) finite because of the structure of the interaction vertices, 
and thus this term only yields the finite contributions. The contributions of the terms 
(+|V3G'4.:fi:|— ) and l\\-\-£l:G JVz\—) are described by the Feynman diagram Fig. 2. (b) 
and yield only finite corrections to the vertex. In this way, the interactions V2 and V3 
lead only to the finite terms (contact terms). 

The logarithmically divergent terms are obtained from the following terms in eq. 
(0), 

(+|VG'+VG'+VG'+:fi:|-) + (+|VG'+VG'+:1]:G'_V|-) + (+|VG'+:f]:G'_VG'_V|-) 
+ (+|:^]:G_VG_VG_V|-), (V = Vi). (75) 

We evaluate, as an example, (+|ViG+ViG'+ViG+:r2:|— ). Using the technique described 
in the previous subsection. 



3!3! 



1 w 1 



ic2c '^tu+(lc) + t^+(2c) ''tu+(lc) + ^Aq) + 2i:^+(2c) 
16 



-}s4p)riip, 



■ri(2c,g)5+(g) + (5 terms)], (76) 

where we have taken two, four and six particle states in the evaluation of the first, second 
and third G+ from the left, respectively. (The contributions of the other states do not 
lead to the divergent terms. This situation is quite similar to the case of eq. (0), which 
does not exhibit the infrared divergence for the first term of the Taylor expansion. These 
terms do not have enough cos/3(p)~^ factors to develop logarithmic divergences. ) In 
eq. ([76| ) the six terms are different with each other only in the momentum arguments in 
UJ+. For example, there is a term proportional to, 

f I If I I 

l^+(g) + u+il,) J ^uj+{q) + u+{U) + u+ip) + u;+(2,) J 

.( I |. (77) 

la7+(g) + 2a;+(le)+^+(p) + 2^+(2,)i ^ ^ 

Such differences are irrelevant for the calculation of the divergent parts of the vertex 
function, as will be seen later. Multiplying eq. ( j75| ) with v4^(t), and performing the path 
integral over gauge fields, we obtain (for the one-particle irreducible contributions) 



{2n)'Sp{p + t - g) E D,,{t)e-^^^^^'-^^^^{S4p)^r,{p, q)S4q)} 



A 

rp(p,g) = -(ig)^ JSuj+{q -k)+ uj+{p - k)^^2uj+{q - k) + uj^{p - k) + uj+{p) ^ 

( ^ v.^^ TTT r\] E ^i-(2p - ^)T+{p - k)V,,{p + q~2k) 

^2^+(g -k) + 2uj+{p -k)+ uj+{p) + uj+{q) J ^ 

■T+iq - k)Vir{2q - k)D^r{k) + (5 terms). (78) 

As is seen, these terms are described by the Feynman diagram Fig. 2. (c). In the 
limit a — 0, rp(p, q) is evaluated in the same way to S(p). First we perform the analytic 
continuation (|5^) and the rescaling of the loop momentum k k = ka. Then we expand 
Tp{p, q) with respect to the external momentums p and q to extract the divergence in the 
limit a ^ 0. In the present case, only the zero term of the Taylor expansion leads to the 
logarithmic divergence, which appears as the infrared divergence in the k integration. 
The infrared divergence takes place only in the vicinity A; ^ 0, because of the pole 
structure of the propagators, and is evaluated by expanding the integrand around k = 0. 
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Therefore, all the ojj^ factors are (after the rescaling) reduced to the constant A in this 
calculation. Summing up all the six terms, the result of the calculation is. 



+finite terms. (79) 



r> = 0,g = 0) = -(z^)3-(l-75T,)^7p{l-(l-0}{7 + logM'} 



The finite part is also evaluated in the same way as the self-energy case, and is given by, 

rp(p,g)-r,(0,0) = -1(^^)31(1 _^5Te)^7p{l-(l-0}{^ + log(«://i)' 

+p,q,fi dependent terms}, (80) 

where we introduced the renormalization point fi. Tp{p, q) is the sum of the above two 
terms and is independent of k. Similarly, 

(+|G+VG+V:^]:G_V|-) ^ (27r)^5p(p + t-g)5]D^,(t)e-5(P+*-'?)'"^ 

p 

■{S^{p)\Tl{p,q)S^{q) - SM\K(P.q)SAq) - S-{p)lTl{p,q)S^{q)], (81) 

where r^'^'3(p, g) are evaluated in the same way and they are given by (in the limit 
a-.0), 

rj''''(p,g) ^ \(^9 f\il - 75T,)y^7p{1 - (1 - 0}log(«/^)' + f^nUe terms. (82) 

The other two terms, (+|VG+:^]:G_VG_V|-) and (+|:fi:G_VG_VG_V|-), in eq. (||) 
are also described by the Feynman diagrams Fig. 2. (c) and yield similar results. Thus, 
all the divergent terms respect the correct chiral property of the vertex. Summing up all 
the contributions, the renormalization factor of the vertex is. 



Zi = l + {^ + ^ + ^ + ^}lf^(logM' + const) 



^2, 



(83) 



where 1/8, 3/8, 3/8 and 1/8 indicate the contributions of the first, second, third and 
fourth terms in eq. (|75|) , respectively. This proves that the vertex is correctly renormal- 
ized. 
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4 Discussion 



We have confirmed that, taking into account the dynamical nature of the gauge fields, 
the fermion propagator and fermion-fermion-gauge boson vertex are properly renormal- 
ized preserving the correct chiral properties. Our analysis, together with the studies of 
the vacuum polarization and the gauge boson n-point functions proves the renor- 
malizability of a chiral gauge theory on the lattice in the overlap formulation at one loop 
level. 

Within the one loop level, phase conventions of the states |v4±), namely the imagi- 
nary parts of <y±{A) do not affect our calculations. For higher orders, however, the phase 
conventions of aj-{A), which, in some case, might not be consistent with the gauge invari- 
ance, will enter into the analysis. Better understanding of this point, even though within 
the perturbation theory, will provide qualitatively new informations on this formulation. 
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Figure Caption 

Fig. 1 The Feynman diagrams describing the self-energy corrections. The diagram (a) 
yields the linearly and logarithmically divergent terms, while the diagram (b) yields 
only the linearly divergent terms. The linearly divergent terms in these diagrams 
are reduced to finite wave function renormalization factors at the level of the prop- 
agator. 



21 



Fig. 2 The Feynman diagrams describing the vertex corrections. The diagrams (a) and (b) 
lead only to the finite corrections. The diagram (c), containing only the interaction 
Vi, leads to the logarithmic divergences. 



Figures 




Fig. 2. (b). Fig. 2. (c). 
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